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Abstract
In this study, the one-dimensional (1D) metamaterial beam-foundation system is innovatively
improved into a metamaterial beam-resonator-foundation system by inserting resonators into
the elastic foundation for ultra-low frequency vibration attenuation and enhanced topological
energy trapping. Abundant band gap characteristics are obtained including quasi-static band gap
starting from 0 Hz, Bragg scattering band gaps (BSBGs), and local resonance band gaps
(LRBGs). Five band folding points are obtained through the band folding mechanism which can
be opened by tuning inner and outer resonance parameters. However, only three band folding
induced band gaps support mode inversion and Zak phase transition, including one BSBG and
two LRBGs. The topological inversion in LRBGs is rarely reported in the 1D mechanical
system, which can induce topological locally resonant interface states. The underlying physical
mechanism of the topological phase transition in LRBG is revealed, which results from the
topological inversion band gap transition from an initial BSBG to a LRBG with resonance
parameters changes. Different from conventional 1D topological metamaterials that merely
utilize local resonance to lower the band frequency and achieve subwavelength topological
states in BSBGs, the topological interface states in LRBGs can localize wave energy to fewer
unit cells near the interface, exhibiting enhanced energy localization capacity. The topologically
protected interface states are validated with defective cases, demonstrating the potential of
topological metamaterials for robust energy harvesting. This study provides new insights into
the topological theory of 1D mechanical systems and contributes to the development and
implementation of multi-functional devices integrating vibration attenuation and energy
trapping.
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1. Introduction

Over the past two decades, various types ofmetamaterials have
been constantly proposed to achieve the special properties
not found in natural materials [1–3]. Due to the unique band
gap characteristics [4–6], the periodic mechanical metama-
terials constructed by engineering microstructures and arran-
ging local resonators can effectively suppress vibrations in
low-frequency regimes, opening up a new avenue for vibra-
tion control and wave manipulation. Recently, as an exten-
sion of the concept of topological insulators in condensed mat-
ter physics, topological metamaterials have aroused consider-
able attention in the classic mechanical system [7, 8], which
have demonstrated unprecedented wave manipulation capab-
ilities and energy localization effects that are immune to struc-
tural defects and perturbations. These distinctive character-
istics originate from the topologically protected states within
topological band gaps, enabling topological metamaterials as
multi-functional devices beyond vibration attenuation applic-
ation, such as waveguides [9, 10], logic gates [11, 12], energy
harvesting [13, 14], microparticle separation [15], etc.

In one-dimensional (1D) mechanical topological systems,
topologically protected interface states are the modes of great
signification, which appear at the interface constructed by
two topologically different unit cells [16, 17]. The different
topological properties of topological band gaps guarantee the
intensive energy concentration effect at the interface, which is
immune to structural defects and disorders [18]. Analogous to
the Su–Schriefer–Heeger model [19], Yin et al [20] developed
a 1D topological phononic crystal that corresponds to a beam
structure with periodically varying cross-sections and stud-
ied the topological properties of the 1D beam system for both
longitudinal and bending waves. Inspired by their work, sim-
ilar 1D topological beam structures have been developed by
modulating beam sections to break structure spatial symmetry
[21–23]. Furthermore, various piezoelectric phononic crystal
beams have been proposed to achieve actively-tuned topolo-
gically protected wave propagation including both capacitance
[24, 25] and inductance [26] modulation methods.

In earlier research, the topological interface states are
obtained in relatively high-frequency band gaps originating
from the Bragg scattering mechanism. To achieve the topo-
logical interface state in the subwavelength frequency range,
Zhao et al [27] proposed a diatomic mass-spring chain with
embedded local resonators, stating that the topological inter-
face states cannot exist in the local resonance band gap
(LRBG) but can be supported in a Bragg scattering band
gap (BSBG) in subwavelength frequencies. The topological
characteristics of the uniform beam model with periodically
attached local resonators were also investigated by different
researchers [28–31], where the topological phase transition

could be achieved by altering the spacing between the two res-
onators in a unit cell. Although the 1D topological mechanical
metamaterials have been extensively explored and developed
in recent years, it is a widely held view that the topological
phase transition mainly occurs in the BSBGs. The role of local
resonance is merely utilized to lower the band frequency and
achieve subwavelength topological states. To the best know-
ledge of the authors, in 1D mechanical systems, the topolo-
gical states in the LRBGs are rarely reported. As in-gap states,
the topological state receives the influence of the properties of
the band gap in which it is located. The topological state within
the LRBG is expected to exhibit stronger energy localization,
which will significantly improve the application prospects for
1D topological metamaterials for energy harvesting.

Indeed, in recent years, the topological locally resonant
edge states have been found and studied in higher dimensional
2D and 3D topological systems, which can provide valuable
inspiration and guidance for 1D topological local resonance
systems. In a two-dimensional slit-typed sonic crystal, Chen
et al [32] observed topological locally resonant and Bragg
edge modes and analyzed the two topological edge states
based on different mechanisms. Zhang et al [33] reported
Dirac degeneracies induced by the locally resonant states in
a 2D phononic crystal plate and demonstrated the propagation
behavior of the topological interface modes in LRBG. By con-
structing Dirac valley degeneracies based on Bragg scattering
and local resonance, the local-resonant phononic crystal plates
have been demonstrated to support dual-band topologically
valley-protected edge transmission [34, 35]. Exploiting mul-
timodal local resonance, 3D topological metamaterials were
presented to enable low-frequency elastic wave control over
multiple distinct frequency bands, and the modal-polarization
waveguide was achieved [36, 37]. Inspired by the advances
of higher-dimension topological metamaterials, the local res-
onance mechanism should play a more significant role in 1D
topological systems, rather than merely being used to lower
the topological band frequency.

Beyond conventional periodic metamaterials, topological
metamaterials have been demonstrated to be an excellent can-
didate for dual functionality application of vibration attenu-
ation and energy trapping [38, 39], due to the combination of
band gap and topological characteristics. To suppress broad-
band vibrations in the low-frequency regime, the metama-
terial beams with periodic spring connections to the ground
(i.e. beam-foundation system) have been designed and studied
[40–42], which can induce a quasi-static band gap (QSBG)
starting from 0 Hz by the elastic foundation. The propagation
characteristics of flexural waves in a periodic beam on elastic
foundations were first studied by Yu et al [40], and the low-
frequency broad band gap of the beam on elastic foundations
was demonstrated. Sun et al [43] designed a novel tunable
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piezoelectric metamaterial beam on a periodic elastic found-
ation and obtained the wider band gap region by coupling
multiple band gaps. Lim et al [44, 45] achieved topological
phase transitions by alternately changing the elastic founda-
tion parameters and developed a new topological rainbow trap-
ping approach for metamaterial beam-foundation systems. Hu
et al [46] demonstrated that the interface state in the QSBG
of the 1D beam-foundation system can be tuned to an arbit-
rarily low frequency through mass-spring models. Overall,
metamaterial beam-foundation systems have revealed great
potential in the field of low-frequency vibration control and
topological energy trapping. However, the existing metama-
terial beam-foundation system lacks the utilization of local
resonance mechanism, which may induce new band gaps and
topological characteristics.

In this study, a novel 1D metamaterial beam-resonator-
foundation system is proposed by inserting resonators into
the conventional elastic foundation. Its band gap mechanism
and topological characteristics are studied to achieve ultra-
low frequency vibration attenuation and enhanced topological
energy trapping. The rest of the paper is organized as fol-
lows. In section 2, the proposed model and the investigation
methods for band structure are illustrated. Subsequently, in
section 3, the topologically different band gaps are obtained
by leveraging the band folding mechanism. The topological
inversion of Bragg scattering and local resonance band gaps
are discovered and demonstrated by the mode inversion and
Zak phase. The underlying physical mechanism of the rarely
reported topological phase transition of LRBGs in 1D topo-
logical metamaterials is revealed. The numerical implement-
ation of both topological Bragg and locally resonant interface
states and the examination of the robustness of topological pro-
tection are conducted in section 4. Finally, the main findings
and conclusions of this work are summarized in section 5.

2. Modeling of 1D metamaterial
beam-resonator-foundation system

Different from the conventional 1D metamaterial beam-
foundation system that just places the beam on the elastic
foundation [40, 45], in this study, an innovative metamater-
ial beam-resonator-foundation system is proposed by insert-
ing resonators into the elastic foundation. The introduction of
local resonance allows for more abundant band gap and topo-
logical characteristics. The geometrical model of the proposed
metamaterial beam-resonator-foundation system is illustrated
in figure 1(a). The aluminum beams (dark color) are connec-
ted to the aluminum resonators (dark color) via rubber pil-
lars (light color), and then the aluminum resonators are con-
nected to an ideally rigid foundation via the same rubber pil-
lars, forming the 1D metamaterial beam-resonator-foundation
system.

The metamaterial system can be considered as a periodic
replication of a unit cell along the x-axis, which is shown in the
enlarged view in figure 1(a). In essence, the unit cell consists of

four minimal units, where the two units in the middle are con-
sidered as a group and the two units at the ends are regarded
as another group, illustrated in orange and blue, respectively.
The units in a group have the same structural parameters, thus
ensuring the mirror symmetry of the structure regardless of
parameter tuning. The dimensions of the element beam are
unified as length a, width b, and thickness h, thus the lat-
tice constant of the unit cell is L = 4a. The radii of the two
groups of rubber pillars and resonators are denoted by r1/r2
and R1/R2, and the heights of all rubber pillars and resonat-
ors are unified as h1 and h2. The solid model can be simplified
into the corresponding beam-mass-spring system, as shown in
figure 1(b), where the two groups of rubber pillars and the alu-
minum resonators are equated into springs k1/k2 and local res-
onance masses m1/m2, respectively.

In this study, in accordance with the simplified model
(figure 1(b)) and the solid model (figure 1(a)), the band struc-
tures of the proposed structure are investigated theoretically
and numerically with the transfer matrix method (TTM) and
finite element method (FEM), respectively.

2.1. Transfer matrix method

Based on the simplified model (figure 1(b)) and the Euler-
Bernoulli beam theory suitable for thin beam analysis, the gov-
erning equation is given by

EI
d4

dx4
w(x, t)− ρAω2w(x, t)+ f(x, t) = 0 (1)

where E is Young’s modulus, I is the area moment of inertia,
ρ is mass density, A is the cross-sectional area, and ω is the
angular frequency. f (x,t) is the reaction forces of the spring
acting on the beam. w(x,t) is deflection along the z-axis, which
can be expressed as

w(x, t) =W(x)eiωt (2)

where W(x) is the vibration attitude.
The general solution of W(x) in equation (1) can be

expressed as

W(x) = Acosh(λx)+Bsinh(λx)+Ccos(λx)+Dsin(λx)
(3)

where λ4 = ρAω2/EI. The force analysis at the point of attach-
ment of the resonator is critical for the analysis of the trans-
fer relationship, thus the point of attachment of the spring is
assumed to be the origin of the x coordinate. As for the local
resonator in the 1st unit of the nth unit cell, considering the
equilibrium condition for all the forces in the z-axis including
the inertial force, one obtains

f 1n,1 (t)+ f2n,1 (t)+m1z̈n,1 (t) = 0 (4)

where zn,1(t) = Zn,1eiωt is the z-direction displacement of the
resonator, f 1n,1(t) and f

2
n,1(t) are the force from the upper and

lower springs. The force f 1n,1(t)is given by
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Figure 1. (a) Geometric illustration of the proposed metamaterial beam-resonator-foundation system and (b) the corresponding simplified
beam-mass-spring model.

f 1n,1 (t) = k1 [zn,1 (t)−w(xn,1, t)]

= k1 [Zn,1 −Wn,1 (0)]e
iωt ≜ F1

n,1e
iωt. (5)

The force f2n,1(t) is given by

f 2n,1 (t) = k1 [zn,1 (t)] = k1Zn,1e
iωt ≜ F2

n,1e
iωt. (6)

Substituting equations (5) and (6) into equation (4) leads to

Zn,1 =
k1

2k1 −m1ω2
Wn,1 (0) . (7)

The continuities of displacement, slope, bending moment,
and shear force of the beam at the spring k1 attachment point
are formulated as

Wn,1 (0) =Wn−1,4 (a) , (8a)

W ′
n,1 (0) =W ′

n−1,4 (a) , (8b)

EIW ′ ′
n,1 (0) = EIW ′ ′

n−1,4 (a) , (8c)

EIW ′ ′ ′
n,1 (0)−F1

n,1 = EIW ′ ′ ′
n−1,4 (a) . (8d)

Substituting equations (3) and (7) into equation (8), the 1st
unit of the nth unit cell and the last (4th) unit of the (n–1)th
unit cell can be related as

K1Ψ n,1 =H1Ψ n−1,4 (9)

where Ψ n,1 = [ A1
n B1

n C1
n D1

n ]T, Ψ n−1,4 =

[A4
n−1 B4

n−1 C4
n−1 D4

n−1]
T,

H1 =


cos(λa) sin(λa) cosh(λa) sinh(λa)
−sin(λa) cos(λa) sinh(λa) cosh(λa)
−cos(λa) −sin(λa) cosh(λa) sinh(λa)
sin(λa) −cos(λa) sinh(λa) cosh(λa)



K1 =


1 0 1 0
0 1 0 1
−1 0 1 0

k1
2−k1m1ω

2

EIλ3(2k1−m1ω2) −1 k1
2−k1m1ω

2

EIλ3(2k1−m1ω2) 1


Similarly, the transfer matrix relation between the first (1st)

unit and the second (2nd) unit of the nth unit cell can be derived
based on the continuity conditions at the interface where the
spring k2 is attached

H2Ψ n,1 = K2Ψ n,2 (10)

where Ψ n,1 = [ A1
n B1

n C1
n D1

n ]T, Ψ n,2 =

[A2
n B2

n C2
n D2

n]
T, H2 =H1,

K2 =


1 0 1 0
0 1 0 1
−1 0 1 0

k2
2−k2m2ω

2

EIλ3(2k2−m2ω2) −1 k2
2−k2m2ω

2

EIλ3(2k2−m2ω2) 1

 .
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Table 1. Geometric parameters of the metamaterial unit cell (mm).

L a b h h1 h2 R1 R2 r1 r2

160 40 40 4 10 10 15 15 6 6

Thus, the left and the right ends of a unit cell can be related
by the transfer matrix T:

Ψ n−1,4 = K−1
1 H1K

−1
2 H2K

−1
2 H2K

−1
1 H1︸ ︷︷ ︸

T

Ψ n,4. (11)

According to the Bloch’s theorem, the periodicity in the x-
direction implies the below relation equation:

Ψ n = eiqΨ n−1. (12)

A standard eigenvalue problem results from the mediation
between equations (11) and (12):∣∣T− eiqI

∣∣= 0 (13)

where I is a 4-by-4 identity matrix. The relationship between
the angular frequency ω and the wave vector q in the infinite
periodic structure, i.e., the dispersion relation, can be obtained
by solving the eigenvalues of the matrix T.

2.2. Finite element analysis

In addition to the theoretical band analysis with the simpli-
fied mass-spring model, the FEM is employed to calculate the
band structure of the solid model (figure 1(a)). A finite element
analysis of the system proposed in this study is performed
by using the FEM Package COMSOL Multiphysics 6.0. The
solidmechanicsmodule is utilized to derive the structuremode
shapes and band structures via an eigenfrequency study. The
Floquet periodicity condition is applied to the left and right
boundaries of a unit cell. The fixed constraint boundary condi-
tion is applied to the bottom surface of the rubber pillars, which
limits all the degrees of freedom of the bottom surface and thus
simulates the connection between the spring and the ground.
The Bloch vector q is scanned from 0 to π/L to obtain the band
structure, where L is the lattice constant. In the simulation,
Young’s modulus (E), density (ρ), and Poisson’s ratio (ν) of
the aluminum (rubber) are 70 GPa (50 MPa), 2700 kg m−3

(1000 kg m−3), and 0.33 (0.48). The specific geometric para-
meters are listed in table 1. The extra fine mesh size predefined
in the physical field is leveraged to ensure accurate numerical
results. Furthermore, it should be stated that the wave vector
q is normalized as 0–1 in all band structures of the following
paper.

3. Band gap mechanism and topological analysis

3.1. Band structures

Band folding is a classical mechanism for achieving topolo-
gical phase transitions in 1D systems [28, 47], which can be
implemented by doubling unit cell. Therefore, at the begin-
ning, the process of band folding together with the doubling

of unit cell is displayed to shed light on the underlying topolo-
gical mechanism of the proposed model. As mentioned in the
model description, the proposed unit cell is actually comprised
of four minimal elementary units. In other words, the minimal
unit cell consists of only one elementary unit. Figures 2(a)
and (b) show the schematic diagram of the minimal unit cell
doubling once and the minimal unit cell doubling twice. After
doubling the minimal unit twice, the proposed unit cell is
obtained. For theoretical analysis, the geometry parameters
listed in table 1 are equated to the corresponding stiffness and
mass parameters as k= 623 986 Nm−1,m= ρV = 0.0191 kg.
The equivalent stiffness is obtained by calculating the force-
displacement response through COMSOL (i.e. one end of the
rubber pillar is fixed and the other end is applied with pres-
sure), and this equivalent method will be used throughout the
study. Figures 2(c) and (d) display the evolution of band struc-
ture and the occurrence of band folding during the two unit
cell doubling processes, where the red dashed curves and the
black solid curves denote the bands before and after the unit
cell doubling, respectively, and the hollow dots represent the
band folding points.

In figure 2(c), there are only two bands (red dashed curve)
in the considered frequency range (0–2500 Hz) for the min-
imal unit cell. After doubling the minimal unit cell into a
unit cell with two elementary units, the new resulting band
structure (black curve) can be obtained by folding the pre-
vious bands along the crease q = 0.5. The number of bands
increases to four, and two band folding points are formed
at the boundary of the Brillouin zone (q = 1). Similarly,
when the unit cell with two elementary units is doubled to
a unit cell with four elementary units, the four bands before
the doubling are folded along q = 0.5 to form eight bands.
It is worth noting that the two previous band folding points
are mirrored to the center of the Brillouin zone (q = 0)
and three new band folding points appear at the boundary
of the Brillouin zone. This means that there are five band
folding points in the proposed model that can be opened
by breaking spatial symmetry, and the topological proper-
ties of these band folding points will be investigated in detail
below.

In accordance with the geometrical parameters listed in
table 1, figure 3(a) shows the band structure of the default
unit cell (R1 = R2 = 15 mm, r1 = r2 = 6 mm) obtained by
the theoretical TMM and the FEM. In this study, the sym-
metric out-of-plane flexural wave of the beam is more con-
cerned, and the bands corresponding to torsional modes and
longitudinal modes are eliminated through mode analysis.
There are some small frequency deviations between the res-
ults obtained by the two methods, which may be caused by
the inability of the theoretical model to capture the slight tor-
sion of the resonator and the neglect of rubber pillar mass.
Nonetheless, the agreement between the results of the two
methods is still sufficient to verify the correctness of our
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Figure 2. Schematics of (a) the minimal unit cell doubling once and (b) doubling twice. (c)–(d) Illustration of the band folding process,
where the red dashed and black solid curves denote the band structures before and after the unit cell doubling, respectively, and the hollow
dots denote the band folding points.

band structure theory and calculation method. For the default
unit cell, a quasi-static band gap (QSBG) induced by the
period elastic foundation appears at 0–614 Hz, and a LRBG
forms at 1300–1564 Hz due to the introduction of reson-
ators, which are marked with blue and yellow respectively.
In essence, the QSBG is attributed to the connection of the
spring to the ground, and the band gap width is proportional
to the spring stiffness [40, 44, 45], which can be leveraged
for ultra-low frequency vibration control. Different from the
conventional beam-foundation system, the introduction of res-
onators allows us to design different resonance systems to
obtain abundant band gap characteristics and novel topological
states.

A significant amount of metamaterial research studies have
shown that the imaginary part of wave vector q can evaluate the
attenuation capacity of the band gap and reflect the origin of
the band gap, as the larger the imaginary part of wave vector q,
the stronger the attenuation capacity of the band gap [48, 49].
Thus, figure 3(b) shows the imaginary q obtained by theoret-
ical analysis. The imaginary part of wave vector q in the QSBG
is generally of small magnitude and varies smoothly, imply-
ing the Bragg scatter mechanism. While the imaginary part
of wave vector q in the LRBG is relatively large and exhibits
asymmetric resonance peaks. The red dashed curve indicates
the local resonance frequency of resonators, which is calcu-
lated by equation (14). There is good agreement between the
attenuation peaks and the calculated resonance frequencies,
verifying the local resonance mechanism of the band gap as
well as the correctness of the theoretical analysis. Figure 3(c)
further displays the modes of edges of the two band gaps. It
can be observed that the mode at the edge of the QSBG is
dominated by out-of-plane vibration of the beam, while the
vibration is remarkably confined to the four resonators in the
modes at the edges of the LRBG, demonstrating the different
Bragg scattering and local resonance mechanism of the two
band gaps

fLR =
1
2π

√
2k
m
. (14)

Subsequently, the identical two groups of geometric para-
meters in a unit cell will be changed to different ones, and two
mutually reciprocal unit cells I (R1 = 10 mm, R2 = 15 mm and
r1 = 6 mm, r2 = 5.4 mm) and II (R1 = 15 mm, R2 = 10 mm
and r1 = 5.4 mm, r2 = 6 mm) are constructed. The variation of
the radii of the rubber pillars and resonators leads to changes
in the stiffness and mass of the local resonance system. Thus,
the equivalent stiffness and mass parameters for theoretical
analysis are changed to k1/k2 = 623 986/500 250 N m−1,
m1/m2 = 0.0191/0.0085 kg. The unit cells I and II share an
identical band structure, as shown in figure 3(d). All the five
band folding points are opened to generate new band gaps,
which are termed as band folding induced band gap and high-
lighted with white stripes. To distinguish the underlyingmech-
anism of these band gaps, the corresponding imaginary part of
wave vector q is depicted in figure 3(e). It can be observed that
two LRBGs appear due to the two different resonators, which
are evidently related to the two resonance frequencies marked
with red dashed curves in figure 3(e) and thus marked with yel-
low in figure 3(d). For ease of distinction, the two band gaps
are termed LRBGs 1 and 2 in the order from low frequency
to high frequency hereafter, as designated with boxed num-
bers . Except for the QSBG marked with blue, there are
also four BSBGs due to the small and symmetric imaginary q,
which are marked with red in figure 3(d). Similarly, these band
gaps are named BSBGs 1–4 in the order from low frequency
to high frequency hereafter and indicated with circled num-
bers (¬,,®,¯) in figure 3(d). It is notable that there are three
BSBGs (1, 2, 4) and two LRBGs among the five newly gener-
ated band gaps induced by band folding, which are indicated
with white stripes. The BSBG 3 seems to occupy the location
of the previous LRBG of the default unit cell (between the
4th and 5th dispersion curves), implying that the nature of this
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Figure 3. (a) Band structure of the default unit cell (R1 = R2 = 15 mm, r1 = r2 = 6 mm) obtained by the theoretical transfer matrix method
(TMM) and the finite element method (FEM), and (b) the corresponding imaginary wave vector q. (c) Modes at the edges of the quasi-static
band gap and local resonance band gap. (d) Band structure of the unit cell I (R1 = 10 mm, R2 = 15 mm and r1 = 6 mm, r2 = 5.4 mm) and
unit cell II (R1 = 15 mm, R2= 10 mm and r1 = 5.4 mm, r2 = 6 mm) obtained by the TMM and FEM, and (e) the corresponding imaginary
wave vector q.

band gap transitions from local resonance to Bragg scattering
with parameter variation.

In fact, the nature of the band gap is not immutable, and
band gaps based on different mechanisms can be coupled
and transitioned, which has been investigated and demon-
strated in some metamaterial research [50–53]. To illustrate
the transition of band gap nature in our model, the vari-
ation of the three band gaps (the initial LRBG in default
unit cell and the two band folding induced band gaps
above and below this band gap) with parameters change
are investigated. Keeping all other parameters of the default
unit cell constant, the radius of resonator R1 is gradually
reduced. Figures 4(a) and (b) show the variation of band
structure and the corresponding imaginary wavevector with
respect to R1, respectively. It can be observed that when
the change of R1 is tiny (R1 = 14.5 mm), the opened two
band folding induced band gaps are BSBGs, consistent with
the common 1D topological systems. However, with further

changes to R1, the imaginary wavevector of the two band fold-
ing induced band gaps gradually increases and appears res-
onance peaks, which eventually evolve into LRBGs. In con-
trast, the imaginary wavevector of the initial LRBG decreases
and becomes smooth with the decrease of R1. In cases 3 and
4 (R1 = 14/13 mm), it is difficult to determine whether the
three band gaps are LRBG or BSBG. These band gaps can be
regarded as the intermediate states in the transition of band gap
nature and are marked with the gradient colors between yel-
low and red. The results clearly explain why the two opened
band-folding band gaps in figure 3(d) are locally resonant and
how a single LRBG in figure 3(a) evolves into two. More
importantly, it is revealed that band folding induced band
gaps can undergo the band gap transition from Bragg to local
resonance, laying the foundation for achieving topologically
local resonance band gaps.

After demonstrating the transition of the band gap nature,
a more detailed parametric analysis is conducted to gain a
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Figure 4. (a) The band structure variation with respect to the radius of resonator R1. (b) The imaginary wavevector q corresponding to
specific parameters in (a). The yellow and red represent LRBG and BSBG, the white stripes denoted band folding induced band gap. The
gradient colors between yellow and red are used to indicate band gap transition.

Figure 5. The variation of band gap range with respect to (a) the decrement∆R of the radius of the resonator R1 and (b) the decrement∆r
of the radius of the rubber pillar r1. Different colors indicate band gaps with different mechanisms and the white stripes denote the five
newly generated band gaps induced by band folding.

better insight into the evolution of all band gaps. Using the
parameters in table 1 as a reference, the radius of the reson-
atorR2 remains constant while the radiusR1 undergoes gradual
reduction. Figure 5(a) shows the variation of band gap range
with respect to the decrement ∆R of the radius of the reson-
ator R1. The colors and stripes of band gaps have the same
meaning as those in figures 3(a) and (d). It can be observed
that with the variation of ∆R, a single LRBG is divided into

two separate LRBGs, which arises from the different local
resonance frequencies of the resonators. The LRBG in the
default unit cell transforms into a narrow BSBG gradually.
With the increase of∆R, the symmetry of the structure is fur-
ther broken, and thus the five band folding induced band gaps
are wider. Furthermore, the decrease of R1 implies the increase
of the local resonance frequency, so that all band gaps exhibit
a tendency to move towards higher frequencies.
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Figure 6. Modes at the edges of the four Bragg scattering band gaps for the two unit cells I and II. The blue and red boxes denote the even
and odd modes, respectively.

The variation of band gap range with respect to the change
of the rubber pillar radius r1 is also investigated. Similarly,
while keeping the radius of the rubber pillar r2 unchanged, r1
is gradually reduced. As shown in figure 5(b), the BSBG 1 can
be significantly broadened with the decline of the rubber pil-
lar radius. Moreover, compared with the resonator radius, the
QSBG is more susceptible to the influence of rubber radius,
since the stiffer the rubber pillar, the wider the QSBG [40, 44].
All band gaps tend to move towards lower frequencies with
the decrease of r1, due to the decrease of the local resonance
frequency. A sufficient band gap width is not only beneficial
for vibration attenuation but also conducive to inducing the
topological states. Therefore, simultaneous modulation of res-
onator mass and spring stiffness is a more efficient method to
achieve broad band gaps and topological states.

3.2. Mode inversion and Zak phase transition

In the previous subsection, all five band folding points are
opened by breaking spatial symmetry, and the topological
properties of these band gaps will be examined in this subsec-
tion. The mode inversion between the upper and lower bound-
aries of band gaps is the most direct evidence of topological
phase transition. Therefore, modes at the edges of four BSBGs
1–4 of unit cells I and II are shown in figure 6. The mode
inversion occurs between the upper and lower edges of the
BSBG 1 of the two types of unit cells, but it does not appear
at other edges of BSBGs. Specifically, modes can be divided
into even modes and odd modes according to whether they
are symmetric about the central axis or not, which are denoted
by the blue and red boxes in figure 6. The mode at the upper

edge of topological band gap 1 in the unit cell I is antisymmet-
ric odd mode, which is similar to the mode at the lower edge
of topological band gap 1 in the unit cell II. Meanwhile, the
mode at the lower edge of BSBG 1 in the unit cell I is similar
to the mode at the upper edge of BSBG 1 in the unit cell II.
Therefore, the mode inversion implies that only BSBG 1 can
be topologically different for the two unit cells, not all four
Bragg band gaps. Reviewing the process of band gap forma-
tion (figures 3(a) and (d)), the BSBG 3 is degenerated by the
LRBG of the default unit cell, not induced by the band fold-
ing, so it has no theoretical possibility of supporting topolo-
gical inversion. For BSBGs 2 and 4, although they are band
gaps induced by band folding, the band folding point is at the
center of the Brillouin zone rather than the boundary, which
may lead to the disappearance of the topological properties of
these band folding points.

However, the mode inversion appears at the edges of the
two LRBGs, as shown in figure 7, which has been rarely repor-
ted in 1D topological mechanical systems. The apparent mode
inversion between the upper and lower band gap edges of the
two unit cells implies that the two LRBGs for the two unit cells
can also be topologically different, which can induce topolo-
gical locally resonant interface states. As a result, recalling the
five band folding points in figure 3(a), the mode results here
manifest that the two band folding points at the center of the
Brillouin zone do not appear to support the topological phase
transition. Only the band gaps opened by lifting the three band
folding points at the boundary of the Brillouin zone demon-
strate the mode inversion.

To further determine the topological properties of band
gaps, the topological invariant in the 1D system i.e. Zak phase
is leveraged to capture the topological feature of dispersion
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Figure 7. Modes at the edges of the two local resonance band gaps. The red and blue boxes denote the odd and even modes, respectively.

Figure 8. Zak phase identification for dispersion curves of the unit cell (a) I and (b) II. The Zak phase of each band is marked at the center
of the band.

curves of the two unit cells [54, 55], which can be calculated
as follows:

θZakn = i
˛

dq∫Ω
(
u∗

∂

∂q
u

)
dv (15)

where n represents the nth pass band, u is the periodic in-cell
displacement with u= e−iqw, w is the normal mode function
and the superscript ∗ denotes a complex conjugation.

Due to the space symmetry of the structure, the Zak phase
can only take 0 or π. The Zak phase can also be deferred
by comparing the mode symmetries of the band at the cen-

ter and boundary of the Brillouin zone [16], which is a more
simple and effective method. Figures 8(a) and (b) demon-
strate the Zak phase identification for the unit cell I and II,
respectively. The panels at the two sides of the band structure
are modes at the center and boundary of the Brillouin zone
respectively. If the modes at the center and boundary of the
Brillouin zone of a band have the same symmetry, that is, both
are even modes or odd modes in the meanwhile, the Zak phase
of the band should be 0. On the contrary, when the symmet-
ries of the modes in the center and boundary of the Brillouin
zone of a band are opposite, the Zak phase of the band
is π.
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Figure 9. The underlying physical mechanism for the topological phase transition of local resonance band gap.

The topological properties of the band gap can be determ-
ined by summing the Zak phase of the dispersion curves below
the band gap, i.e. ϑn =

∑1
n θ

Zak
n Mod2π . It can be derived read-

ily that the BSBG 1, and the LRBGs 1 and 2 for the unit cells
I and II have different topological indexes 0 and π. The topo-
logical indexes of the rest band gaps are identical for the two
unit cells. The conflict of the Zak phase provides a deep insight
into the topological phase transition from the perspective of
topological theory. These facts further validate that there are
three topologically distinct band gaps for the two unit cells I
and II. Therefore, according to the bulk-edge corresponding
relationship [27], three topological interface states are expec-
ted to appear at the interface constructed with two topologic-
ally different unit cells.

Besides, it is necessary to give a further physical explan-
ation for the rare topological phase transition of the LRBG
in 1D topological metamaterials. Figure 9 reveals the under-
lying formation principle for the topological LRBG by sum-
marizing the foregoing topological properties and band gap
evolution studies. In our study, topological phase transitions
are demonstrated to be induced by opening the band fold-
ing points at the boundary of the Brillouin zone. Recalling
the band evolution process in figure 4, the topological band
gaps induced by band folding undergo transitions in the
nature of band gap from Bragg scattering to local reson-
ance, with small to drastic changes in the resonance para-
meters. Although the nature of the band gap has changed,
the topological characteristics guaranteed by the band fold-
ing points persist, which finally induces the topological inver-
sion in LRBGs. In other words, a conventional topological
Bragg band gap is promising to transform into a topological
LRBG through a band gap transition. This approach to achiev-
ing the topological phase transition of LRBG is expected to
be extended to similar local resonance systems, and related
research is being developed (see a very recent preprint on
arXiv [56]).

As in-gap states, the topological state receives the influ-
ence of the properties of the band gap in which it is located.
In most existing studies of 1D topological systems, the role
of local resonance is merely to lower the band frequency and

achieve subwavelength topological states [27, 28]. The topo-
logical states still are supported by BSBG. Thus, the topolo-
gical Bragg interface states exhibit weaker vibration attenu-
ation and energy localization capacities due to the Bragg scat-
tering mechanism. However, the topological interface state
in LRBG is expected to exhibit stronger energy localiza-
tion properties than the conventional topological interface
state in BSBG, which will be illustrated in the subsequent
study.

3.3. Supercell analysis

To further demonstrate the existence of topological interface
states in the three topologically different band gaps, a super-
cell is constructed by 3 cells of unit cell I and 3 cells of unit cell
II. The Bloch periodic boundary conditions are applied to the
left and right ends of the supercell to calculate the band struc-
ture. Figure 10(a) presents the band structure of the supercell.
There are two flat bands that imply strong energy-localized
modes in the topological band gap 1, and two nearly over-
lapped flat bands also appear in each of the two LRBGs. The
modes corresponding to these flat bands at q = 0.5 are plot-
ted in figure 10(b). It can be seen that the two flat bands in
one band gap correspond to the topological interface state and
topological boundary state respectively, where the energy is
highly concentrated at the interface and boundary of the super-
cell. More interestingly, the topological states originated from
the BSBG and the LRBG are obviously distinct. For the topo-
logical states in the BSBG 1, most of the energy is confined
to the beam near the supercell interface rather than the res-
onators. Whereas, for the topological states in the LRBGs,
the energy can be extremely strongly trapped by the reson-
ators, which is quite different from the traditional topological
states in the previous literature. On the other hand, the topo-
logical states in LRBGs can significantly reduce the vibra-
tion of the host structure under the topological state, which
offers a superior avenue for achieving the dual functionality
of vibration attenuation and energy trapping within the same
structure.
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Figure 10. (a) Band structure of the supercell consisting of 3 cells of unit cell I and 3 cells of unit cell II. (b) The modes of the flat bands at
q = 0.5, which are categorized into two types: topological interface state and topological boundary state.

4. Implementation and examination of topological
interface states

4.1. Numerical implementation

After determining the topological properties of the band gaps
and demonstrating the existence of topological interface states,
the implementation of topological interface states as well as
the examination of topologically protected robustness will be
conducted in this section.

Figure 11(a) displays the schematic diagram for the trans-
mission characteristics examination of the finite unit cell sys-
tem consisting of 3 unit cells I and 3 unit cells II. A z-
direction point harmonic excitation with an amplitude of 1mm
is applied to the left end of the system. To examine the vibra-
tion transmission characteristics of themetamaterial, the trans-
mittance is defined as

η = 20log10

∣∣∣∣U1

U0

∣∣∣∣ (16)

where U0 and U1 denote the displacement amplitudes of the
excitation point and response point, respectively.

In order to demonstrate the topological interface state more
intuitively, the vibration response is extracted from the system
interface and the right side at the same time. Transmittance

curves obtained through numerical simulation are illustrated
in figure 11(b), with the colors and frequency ranges of
band gaps matching those depicted in the band structure of
figure 3(d). In accordance with the definition of transmittance
in equation (16), a transmittance less than 0 implies that wave
propagation is inhibited, while a transmittance greater than
0 indicates that waves can propagate freely. The boundary
transmittance curve indicates that wave propagation can be
well suppressed within the band gap range since the trans-
mittance is less than 0 within the band gaps. In particu-
lar, the BSBGs 1–4 marked with red present weaker vibra-
tion attenuation abilities, validating the prediction of the band
gap vibration reduction capacity derived from the imaginary
wave vector. More importantly, from the interface transmit-
tance curve, it is evident that a transmission peak denoted
by the blue star emerges within each of the three topologic-
ally distinct band gaps, which is attributed to the presence
of topological interface states. Meanwhile, it should be men-
tioned that the transmittance peaks in other band gaps are
caused by torsional and translational resonances and do not
belong to any topological states, which can be illustrated more
clearly by comparing the transmission characteristics of the
finite system without the interface shown in figure A1 in the
appendix.
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Figure 11. (a) Schematic for the transmission characteristics examination of the metamaterial system with finite unit cells. (b) The
transmittance curves obtained by numerical simulation. (c) Simulated displacement fields for the three topological interface states.

Under the three marked transmittance peak frequencies,
the simulated displacement fields for the three topological
interface states are depicted in figure 11(c). As expected, the
vibration energy can be highly concentrated in the vicinity of
the interface at topological interface states. However, the dis-
placement fields of the three topological interface states are
quite different. Specifically, more energy is distributed over
the beam rather than the resonators in the displacement field
of the topological interface state 1 for the underlying Bragg
mechanism of the band gap. At the topological locally resonant
interface states 2 and 3 in the two LRBGs, the vibration energy
is remarkably concentrated on the larger and smaller resonat-
ors near the interface respectively, and only a small amount of
energy is distributed on the beam near the interface. Besides,
the wave localization capacity of the local resonance mech-
anism is so strong that very little energy can be transferred
to the right side in this topological state, which accounts for
the extremely large difference in the boundary and interface
transmittance at the two topological interface states 2 and 3 in
figure 11(a).

Compared to the conventional topological Bragg interface
state 1, the topological locally resonant states in LRBGs can
localize wave energy to fewer unit cells (even one unit cell)
near the interface. The degree of energy localization can be
quantified by dividing the elastic strain energy density of

the volume of the particular unit cells by that of the entire
structure. Under the three topological interface states 1–3,
the energy concentrated at the unit cell across the interface
(half unit cell I and half unit cell II) can reach 40%, 97%,
and 96%, respectively. Obviously, the topological interface
states of LRBGs exhibit stronger local performance, which
is more conducive to topological energy harvesting. It should
be highlighted that although there are similar phenomena that
the energy concentrated at the resonators in existing 1D topo-
logical local resonance systems, these topological states still
appear at the BSBGs and can not exhibit such a strong con-
centration of energy.

In addition, figure 12 shows several typical simulated dis-
placement fields inside and outside band gaps to further
reveal the different band gap mechanisms. When the vibra-
tion frequency is outside band gaps, the vibration can propag-
ate without attenuation throughout the system. However,
within the QSBG and LRBGs, the vibration propagation is
completely suppressed after passing through 1–2 unit cells.
In the BSBG 1, more unit cells are required to attenu-
ate the vibration, which also indicates the lower attenu-
ation capability of the BSBG. Besides, in the LRBGs 1 and
2, the propagation of vibration can be quickly suppressed
due to the resonance of the larger and smaller resonators
respectively.
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Figure 12. Simulated displacement fields inside and outside band gaps.

Figure 13. The robustness examination of topologically protected interface states under different defects and disorders. The simulated
displacement field of the topological interface states with (a) missing a resonator in the second unit cell, (b) replacing a small resonator in
the second unit cell with a larger one, and (c) raising the thickness of the beam in the second unit cell to 5 mm. The defective regions are
labeled by the red dashed frames.

4.2. Robustness examination

As one of themost distinctive features of topological states, the
topologically protected robustness guarantees that the topolo-
gical state is immune to defects and disorders that occur dur-
ing the construction and utilization process of the structure.
Therefore, the robustness of topologically protected interface
states is examined under three different defects and disorders,
as shown in figure 13. The three defective structures arise
from three different operations: missing a resonator in the
second unit cell, replacing a small resonator in the second

unit cell with a larger one, and raising the thickness of the
beam in the second unit cell to 5 mm, which are high-
lighted with red dashed frames. It can be seen that the topo-
logical interface states still maintain the expected displace-
ment distribution of the energy concentration at the inter-
face, apart from a slight shift in the excitation frequency of
the interface states. Overall, all three types of topological
interface states demonstrate excellent topological robustness
against defects and disorders, laying a solid theoretical found-
ation for designing a stable energy harvesting system. The
proposed metamaterial beam-resonator-foundation system
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can be an excellent candidate for achieving ultra-low fre-
quency vibration attenuation and enhanced topological energy
trapping.

5. Conclusions

In this study, an innovative 1D metamaterial beam-resonator-
foundation system is proposed by inserting resonators into the
conventional elastic foundation. The band gap mechanism and
topological characteristics of the proposed system are studied.
The main findings are summarized as follows:

The introduction of local resonance allows for richer band
gap characteristics compared to the existing beam-foundation
metamaterial systems. In addition to a QSBG starting from
0 Hz due to the elastic foundation, a new LRBG is gener-
ated originating from local resonators. By folding the min-
imal unit cell twice, five band folding points can be obtained
in the band structure. Subsequently, by adjusting the inner and
outer resonance parameters, all the bandgap folding points can
be opened and five band folding induced band gaps can be
obtained. One LRBG evolves into two due to the two different
types of resonators.

The topological properties of these band gaps are invest-
igated thoroughly by the mode inversion and Zak phase. The
band gaps obtained by lifting two band folding points at the
center of the Brillouin zone do not support the topological
phase transition. However, the topological phase transition
occurs in the band gaps induced by the three band folding
points at the boundary of the Brillouin zone, corresponding to
one BSBG and two LRBGs. This study presents a novel obser-
vation of topological inversion in LRBGs of a 1D mechanical
system. The underlying physical mechanism stems from the
transition of band gap nature, that is, the topological inver-
sion band gap transition from an initial BSBG to a LRBG
with resonance parameters changes. The topological interface
states are demonstrated to appear at the interface constructed
by two topological different unit cells. There are three dif-
ferent topological interface states, where the energy is local-
ized at the beam and resonators near the interface, following
the Bragg scattering and local resonance mechanism of band
gaps in which the topological state is located. Compared to
the conventional topological interface state in BSBG, the topo-
logical locally resonant interface state in LRBG can localize
wave energy to fewer unit cells (even one unit cell) near the
interface, exhibiting outstanding energy localization capacity.
The robustness of topologically protected interface states is

validated by introducing defects and disorders into the perfect
structure. Based on the demonstrated robust energy trapping,
the proposed metamaterial beam-resonator-foundation system
can be an excellent candidate for achieving topological energy
harvesting.

Overall, this study can not only provide new insights
into the topological theory of mechanical systems but
also offer valuable inspiration for developing multi-
functional devices integrating vibration attenuation and energy
trapping.
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Appendix

Figures A1(a) and (b) show the schematic for the transmis-
sion characteristics examination of the metamaterial system
with finite unit cells consisting of 6 unit cells II and the
corresponding transmittance curves, respectively. The finite
unit cells system does not contain a topological interface and
thus cannot support topological interface states. The excita-
tion and response points are the same with figure 10. It can be
observed that the transmittance peaks corresponding to topo-
logical interface states disappear in the three topological band
gaps, while the transmittance peaks induced by torsional and
translational resonances still exist in other band gaps. These
results provide strong evidence for the topological origin of
the transmission peaks corresponding to the topological inter-
face states in figure 10.
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Figure A1. (a) Schematic for the transmission characteristics examination of the metamaterial system consisting of 6 unit cells II, and (b)
the corresponding transmittance curves.
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